The Forward Premium Puzzle is one of the most prominent empirical anomalies in international finance. The forward premium predicts exchange rate depreciation but typically with the opposite sign and smaller magnitude than specified by rational expectations, a result also considered to indicate inefficiency in the foreign exchange market. This paper proposes a resolution of the puzzle based on recursive least squares learning applied to a simple model of exchange rate determination. The key assumption is that risk neutral agents are not blessed with rational expectations and do not have perfect knowledge about the market. Agents learn about the parameters underlying the stochastic process generating the exchange rate using constant gain recursive least squares. When exchange rate data are generated from the model and the empirical tests are performed, for plausible parameter values the results replicate the anomaly along with other observed empirical features of the forward and spot exchange rate data.
Introduction
The 'Forward Premium Puzzle' is a long-standing empirical paradox in international finance. The puzzle refers to the finding that the forward exchange rate consistently predicts the expected depreciation in the spot exchange rate but with a smaller magnitude and often the opposite sign than specified by rational expectations. A large literature documents and attempts to explain the puzzle, but mostly with very mixed success 2 . This paper proposes a resolution from a new perspective.
The common usage of the assumption of 'Rational Expectations' on the part of market agents seems questionable because it assumes that agents have complete knowledge of the stochastic process that generates the exchange rate. Although, in most cases agents seem thoroughly informed and the market is sufficiently efficient so new information is immediately incorporated into variables, it is unlikely that agents have knowledge about every single parameter value in the stochastic processes that generate the fundamentals and the exchange rate. Moreover, the 'Rational Expectations' model does not seem to provide a satisfactory explanation for the puzzle 3 .
Efforts have been made to explain the puzzle dropping the assumption of 'Rational Expectations'. These models introduced different forms of belief distortions on the part of the participating agents. The novelty of this paper is the use of the 'least square learning' rule in expectation formation to explain the puzzle 4 . This assumes that agents do not know the exact value of the parameters and instead attempt to learn them using econometric techniques.
According to theory, if the future rate of depreciation in the exchange rate is regressed on the forward premium (the forward rate less the current spot rate in logarithms), then the slope coefficient on the forward premium should be unity 2 Cumby and Obstfeld (1984) , Fama (1984) , and Hodrick and Srivastava (1986) are a few of the articles discussing the puzzle. For surveys on the puzzle, see Taylor (1995) , Engel (1996) and Lewis (1995) . 3 The approaches used by researchers to try to solve the puzzle are discussed later. Most authors conclude that in order to solve the puzzle rejection of the null hypothesis of rational expectation is helpful. 4 Using learning to explain exchange rate expectation related anomalies is not completely new. Lewis (1991) used Bayesian Learning in an exchange rate pricing model to study the PesoProblem. In another paper (1989) she investigated the effect of Bayesian Learning using a structural shift in fundamentals to explain the puzzle. A summary of her methodology is discussed later. In another study Kim (2003) used recursive least squares learning to try to explain the exchange rate determination puzzle. provided the market is efficient and agents do not make systematic errors in their forecast 5 . More formally, if t s is the natural log of the current spot exchange rate (defined as the domestic price of foreign exchange), β should be unity. The hypothesis is based on assumptions of risk-neutrality, efficient markets and rational expectations. If agents are risk neutral then they must set today's forward rate equal to their expectation about the future spot rate. Moreover, if their expectations are rational and the market is efficient, so that new information is readily absorbed, then they should not make systematic forecasting errors. In other words the future spot rate must be equal to the sum of today's forward rate and a random error term with zero expected value, i.e. In this model the actual depreciation must equal the expected depreciation on average. In other words, there could be an error in expectation formation in a given period, but over a significant number of observations the average of the expectations about depreciation must equal the average of the actual depreciation.
There are two key assumptions implicit in the above theoretical proposition, viz. risk neutrality and rational expectations by the participating agents 7 . A significant volume of research has empirically tested this hypothesis, and concludes that the OLS estimate of β (β ) is significantly less than 1 and in fact in the majority of cases is significantly less than zero. The average β across 75 early studies was found to be -0.88 5 This regression was originally run to test the efficient market hypothesis. 6 Given the definition of t s a positive 1 t s + ∆ is a depreciation of the domestic currency and viceversa. 7 By rational expectations it is meant that agents do not make systematic forecasting errors. (Froot, 1990) , and only a few of those estimates were positive 8 . The result is paradoxical because the evidence strongly refutes the theoretical prediction that 1 β = , and hence apparently contradicts the efficient market hypothesis. This is the much renowned anomaly.
In this paper 'Constant-gain Recursive Least Square Learning' 9 is attributed to the participating agents in the market. Under this assumption agents form expectations about future values of the spot exchange rate. This assumption is combined with a simple model of exchange rate determination. The spot exchange rate and the forward rate are generated by this model, and the consequent depreciation is regressed on the forward premium. Under certain plausible sets of parameter values, the results are found to be strikingly similar to that obtained from actual exchange rate data, including a negative estimate of β .
The paper is organized as follows. Section 2 presents a summary of the existing literature. Section 3 introduces a simple model of exchange rate determination. Section 4 discusses the learning dynamics used to update the process parameter values and form the expectation. Section 5 presents the simulation results. Section 6 presents empirical results from parameter estimation. Section 7 concludes.
The Existing Literature
The enormous research devoted towards finding a solution for the puzzle could be categorized into two different approaches, a risk-premium approach and a distorted belief approach 10 . 8 Others in this vast literature have found the average value of the coefficient to diminish in absolute value but remain negative. Interested readers may refer to Froot(1990) , Frankel and Froot(1989) , Froot and Thaler(1990), Engel(1996) , Lewis(1995) and Mark and Wu(1998) . 9 In our set-up decreasing-gain learning converges to rational expectations equilibrium and hence, would not offer a solution. A discussion of the two types of gain in learning behavior is developed in Evans and Honkapohja (2001) . 10 There is a third and less explored approach that addresses an econometric issue related to the puzzle -an omitted variable problem. The idea is that the regression incorporates an omitted variable bias because the error term in the regression equation and Lewis (1993) . Interested readers may also refer to Oh and Pippenger(1994) , Mark and Wu(1998) , Mark (2001) and Chakraborty (2004) .
Risk-Premium Approach
The risk premium approach assumes that investors in the foreign exchange market are risk-averse. Thus, the forward rate not only incorporates their expectation about the future depreciation but also includes a risk-premium as a hedge against the risk from investing in a more volatile asset characterized by a higher rate of return.
Consequently, the interest differential between two countries not only reflects the possibility of future depreciation but also a risk premium. As a result, the expected depreciation erroneously forecasts the actual depreciation, yielding a regression coefficient that is less than one. The situation reaches an extreme when the risk premium so dominates the expectation about depreciation that a negative coefficient is obtained. Fama (1984) demonstrates that, for this to happen, the variance of the risk premium must be greater than the variance of the expected depreciation and their covariance must be negative.
Efforts were made to empirically evaluate the risk premium as a potential explanation for the paradox. This research followed three different paths 11 . Despite its intuitive appeal, these tests demonstrated the difficulty of the risk premium approach to provide a satisfactory explanation of the puzzle. Fama's (1984) decomposition was unable to find clear empirical support. Frankel and Froot (1989) used survey data to test a time varying risk premium hypothesis, with the conclusion that little evidence supported this explanation. Frankel and Chinn (1993) tested the risk-premium hypothesis on a cross section of 17 countries and did not find evidence in support of their hypothesis. Backus, Foresi and Telmer (2001) concluded that affine term structure in the risk-premium model failed to provide a theoretically satisfactory or empirically tractable explanation for the puzzle. Other researchers found similar results 12 . This led to a general rejection of the risk-premium explanation and encouraged researchers to be 11 An account of the research is given in Froot and Thaler(1990) and Backus, Foresi and Telmer (2001) . 12 See Mark(1985) , Obstfeld(1990) as mentioned by Froot and Thaler(1990) . In an extension of Frankel and Froot (1989) , Cavaglia, Verschoor and Wolff (1994) found that a combination of both the risk premium and deviation from rational expectations provides a better explanation of the puzzle. An exception was observed by Bams, Walkowiak and Wolff (2004) . Using an econometric panel data model, they found that the dynamics of the forward prediction error was mostly governed by the common factor in the dollar risk premia. more receptive to the possibility of distorted beliefs or errors in expectations as a potential explanation.
Distorted Belief or Non-rational Expectations Approach
The potential ability of non-rational expectations to explain the results is apparent from some of the other findings related to exchange rate behavior. De Long et. al. (1990) demonstrated that the presence of both rational and non-rational traders in the market tend to distort asset prices significantly away from the fundamental values and therefore has a potential to explain many financial market anomalies. Goldberg and Frydman (1996) showed that, if investors could predict the direction of the change in exchange rate, but did not know the magnitude of the change, monetary models could explain certain idiosyncrasies of the foreign exchange market. Bacchetta and Wincoop (2003) concluded that the comparative variation in exchange rate and its fundamentals, both in short run and long run, could be explained by the existence of informational heterogeneity amongst the investors. Mark and Wu (1998) The key idea underlying this paper is that the agents are aware of a stochastic process that generates certain variable values and they also know the form of the process. However, they do not know the actual values of the parameters that govern the stochastic process. Instead, they learn these values over time using econometric regression over past observed data in each period, updating the previously estimated coefficient values as new data become available. They make use of all available information during forecasting. This feature attributes some degree of rationality to the 13 Noise traders deviate from rationality by their inability to distinguish between real and pseudo signals. Therefore, their trading decisions tend to move the exchange rate away from fundamentals. See Mark and Wu (1998), De Long et. al. (1990) for more discussion on noise traders.
agents. However, their lack of knowledge about the parameter values prevents them from being completely rational in the usual sense. Consequently, they are said to have 'bounded rationality', i.e. rationality with some constraints 14 . Lewis (1989) used Bayesian Learning to provide an explanation for the forward premium puzzle. Her model predicted the actual movement in the US dollar during the early 80's in fifty per cent of the cases. In her model the agents were boundedly rational in learning the shift in the money demand structure, but did not know it perfectly.
However, the model could not explain the persistence of prediction errors, as the magnitude of the error died down over time. Nonetheless, it provided an indication of the potential of learning dynamics for understanding exchange rate movements.
The Model

Small economy case
The model consists of money market equilibrium and the international market parity conditions for a simple economy 15 . The economy is characterized by the following assumptions:
1) The economy is small and open. Hence, the foreign price and the foreign rate of interest are exogenously given for the economy.
2) Agents are risk-neutral so that current forward rate is the expected future spot rate.
Together with covered interest parity equation (1) implies uncovered interest parity.
3) The economy is characterized by flexible prices and flexible nominal exchange rates. Hence, the domestic price level and nominal exchange rate readily adjust in response to a change in the foreign price level to maintain purchasing power parity.
4)
The exchange rate fundamentals follow either a random walk or an AR (1) process with a large auto-regression coefficient.
5)
There are no transaction costs.
6)
Agents are attributed 'bounded rationality'. Thus, agents use all available information to form expectations but they have imperfect information about the market.
They know the form of the stochastic process that generates the exchange rate but they do not know the underlying parameter values. Each period they update their knowledge about these values using constant gain least squares learning.
The economy is described using three key equations. interest rate and log of the spot exchange rate, respectively. The exchange rate is the price of foreign currency in terms of domestic currency. 1 * t t E s + is the log of the expected one period future spot exchange rate, i.e. the expectation formed at period 't' about the spot exchange rate in period 't+1'. The third equation represents the third assumption, purchasing power parity.
* t p is the log of foreign price level. The log of the one period forward rate is given by t F . Since, all agents are risk neutral by assumption we may rule out the possibility that the forward rate has a risk premium. Therefore, the forward rate is nothing but the expected spot rate, yielding equation (1) 
with 0 α = and 1 β = .
However, under the assumption of bounded rationality the value of the two regression coefficients may differ from the rational values. To determine these values the type of 'bounded rationality' has to be formalized. The first step is to determine how the exchange rate is generated in the economy.
Solving (2)- (4) 
Large economy case
For the large economy case we retain all the above assumptions, except that the foreign rate of interest 
which is combined with equations (2) - (4) 16 . This yields the same equation (6), with the only difference that in the large economy case we have
Thus, for analytical purposes we will use the general form (6).
In equation (6) 
where,
Assumption 4 says that the fundamentals follow an AR(1) process with a large autoregression coefficient. This implies
where, by assumption ρ is large (close to 1). Equations (7) and (8) together govern the exchange rate generating process in this economy and hold even when agents form their expectations with 'bounded rationality'.
Learning and Expectation
Suppose that the agents estimate the linear projection of t s on Under the E-stability conditions 18 , a decreasing gain least squares learning process eventually converges to the rational expectations solution as given by equation (10), and thus would only generate transitional deviations from rational expectations.
We therefore instead adopt an alternative form, constant gain least squares learning. A constant gain implies that every period the agents update their estimate of the parameters in a way that remains sensitive, even asymptotically, to forecast errors. Thus, convergence never occurs, and even under E-stability conditions the estimates fluctuate around the rational expectations solution. Since the estimates never converge to the rational value, the expectations formed using these estimates are not perfectly rational Under constant gain least squares, parameters are updated using the following algorithms.
If we define matrices
then the Recursive Least Square estimation is done using the following pair of equations:
Equation (12) The above system (consisting of equations (12) and (13) (7) generates an exchange rate for period t.
Thus, by applying constant gain learning, the agents form an expectation about the future exchange rate, which is the same as the forward rate under the assumption of risk neutrality. This expected value helps determine the exchange rate as described above. This process of exchange rate generation and expectation formation takes place under 'bounded rationality', which is a deviation from rational expectations. Thus, if regressions using data generated from this process produce coefficients similar to those from actual data, then the model could provide an explanation of the puzzle. This leads to the next section, the simulation of the model.
Simulation
Parameter choices
The following parameter values are to be specified in order to carry out the simulation: µ , θ , ρ and γ . µ was arbitrarily set to 1 (the value of µ does not influence the simulations of the model significantly). The initial values of the variables were chosen arbitrarily. t s was initialized at 0, i.e., the exchange rate was assumed to be 1. a and b were set at their respective rational expectations values in the beginning. t v was set to zero.
Process and Results
The simulation was run for three different sample sizes, viz. 50, 100 and 400.
With each sample size the simulation was run 1000 times. Each simulation generated one β . Table (1) through Table ( 3). The most general observation is that all but four of the average β estimates are numerically less than unity and many of the t statistics for the null hypothesis The major pattern that is apparent from the simulations is that the average β value tends to decline with an increase in the size of both the gain in the learning rule γ and the autoregressive parameter ρ , given the values of other parameters. However, there is one peculiarity. When ρ =1 or is very close to 1 (e.g. 0.99), the average β estimates increase with increasing γ . This non-monotonicity seems puzzling. However, for 1 ρ = the average β is always negative. The implication is that a large value of ρ is crucial in generating a negative regression coefficient, whether or not the fundamentals follow a strict random walk.
The simulations also show that β values increase with increasing θ . Regarding sample size, the model produces a higher number of negative β values for smaller samples (50 or 100) compared to larger samples (400). This suggests that, as the sample size increases, the bias declines and β approaches its RE value. Interestingly, most of the studies on the forward premium puzzle used small samples. Furthermore, it appears that the rational expectations values tend to be approached as γ tends to zero.
Another interesting observation is the similarity between model-generated data on the forward premium, depreciation and forecast errors to those obtained from quarterly exchange rate data 25 on four exchange rates: US dollar price of the French Fig. (1) - (4), and those obtained from model-generated data are presented 25 The data sources are described in detail in section 6. 
, a strong similarity in the time series pattern in using data generated by the model to analogous patterns using the actual exchange rate data. Fig. (6) - (9) present time series plots in the forward rates and corresponding future spot exchange rates in the observed data on the four exchange rates, and Fig. (10) presents the same two series obtained from the model-generated data. A comparison again reveals a similarity between the actual time series data and model-generated data. To reinforce the results, when the covariances between forward premium and the forecast errors and the respective variances are compared, the statistics based on the model-generated data are found to be similar to those based on the actual data 26 . These results are presented in Table (4) . Overall, the model seems to do extremely well in explaining the statistics from spot and forward exchange rate data. As another illustration, typical movements of the parameters a and b around the rational expectations values are shown in Fig. (11) and Fig. (12) , respectively. It shows the fluctuation of the parameters around RE values. In addition, a typical time path of the exchange rate generated from the learning model and that under rational expectations are shown in Fig. (13) . The sample size for the simulation was 100 and the parameter values chosen for θ , ρ and γ were 0.6, 0.95 and 0.05, respectively. The corresponding estimates obtained for β and the t-statistic were -0.3577 and -2.6804, respectively. Thus, although a comparison between the two time paths in Fig. (13) suggests small deviations from rational expectations under the learning rule, the estimated values generated from the process indicate that this small deviation is capable of explaining a negative value of β .
Comparing Learning model and Rational Expectations model
The results shown above replicate many observed features of the foreign exchange market using a model in which agents are attributed adaptive learning behavior. A comparison between these results and that obtained from the same model with agents having rational expectations reveals that the learning behavior is the key assumption necessary to generate the negative regression coefficient. This comparison between the regression coefficients and the graphs of the depreciation and the forward premium obtained from the two models are presented in Figures (14) -(15).
For the rational expectations model, two different assumptions are made about the structure of the fundamentals. In one case it is an I (1) variable, i.e. it follows a random walk. In the other case it is an ARIMA (1,1,0) process with very low AR and MA coefficients, i.e., the first difference term of the fundamentals follows an ARMA (1,0) process with low AR and MA coefficients (changing the specification of the fundamentals did not change the key findings). Only when agents exhibit learning behavior does the β coefficient become negative. The one difference between the pure random walk and ARIMA (1,1,1) cases is that, with the pure random walk, the forward rate exactly equals the current spot rate and hence forward premium is zero.
Consequently, in this case there is no movement in the forward premium data over time as evident from Fig. (14) , and β is undefined. β is undefined. In contrast, when the fundamentals follow an ARIMA (1,1,0) process there is extra information about the future spot rate compared to current spot rate and there is volatility in the forward premium around zero over time as observed in Fig. (15) .
However, this volatility does not generate a negative β when the agents' expectations are rational. When learning is introduced, however, even for a small gain in learning β potentially becomes negative. As Fig. (16) shows, β is in fact negative even when the gain in learning γ is 0.01.
As mentioned before, the autoregressive coefficient ρ in the fundamental process is also important. If 1 ρ = , the learning model generates negative β
consistently. This result is independent of whether the process is a pure random walk or an ARIMA (1,1,0), as observed in the simulation results. Thus, the general conclusion is that the learning behavior of the agents, when combined with the assumption that the fundamentals follow a process close to a random walk, explains the negative coefficients in the forward premium regressions. Consequently, the nature of the learning mechanism of agents causes the forward premium and the depreciation of the currency to move in opposite directions 27 .
Finally, note that the conventional proposition based on the puzzle, that the forward exchange market is not efficient, seems in question. Agents in the forward exchange market are not blessed with rational expectations. However, this does not necessarily contradict the 'efficient market hypothesis' in the sense that new information is immediately absorbed and used efficiently, given the expectations of market participants. They just possess 'bounded rationality'. More discussion on efficiency is presented in the concluding remarks.
Estimation Results
The results presented so far are based on certain assumptions about model parameters. As mentioned before, a crucial assumption is that 1 ρ = or is near 1.
Another assumption was that for quarterly data θ is about 0.9. Although these 27 For a more analytical exposition on how learning dynamics leads to opposite movements in the forward premium and exchange rate changes, see Chakraborty (2004) .
assumptions are based on estimates in previous research, direct estimation of these two parameters is warranted.
Data
The data are quarterly series on four exchange rates -US dollar price of the However, there are several caveats with this data. There could be significant transaction costs involved in trading currency because of bid-ask spreads and the delivery structure. The rates at which currencies are bought and sold are generally different. Using just one value for each period's spot rate overlooks this difference and hence may potentially introduce bias. Also, entries from Fridays are taken here. When matching the forward rate with the corresponding spot rate in quarterly data, the delivery date for the forward transaction shall be exactly three months from that day. By taking the last Friday of every month this delivery structure could be lost and hence will lead to sampling error. This can introduce bias as well. However, as demonstrated by Bekaert and Hodrick (1993) , both of these data problems are unimportant in explaining the forward premium bias, suggesting that this issue can be ignored 28 .
Data on fundamentals were collected from International Financial Statistics, 1998.Q4). They are quarterly series on the money supply 29 and real GDP for the five countries: US, France, Germany, Japan and the UK. The money supply is adjusted for seasonal variation by averaging it with observations from the last three quarters. 28 The same data were used by Mark and Wu (1998) for the forward premium regression. 29 For money supply end-of-period data were used as opposed to average during the period. This measure follows directly from equation (6) and the corresponding large economy definition of t v . There is a possibility that the true ρ is close to but less than unity. If so, the ADF test may not be able to reject unit root in t f because of its low power. In such a situation an autoregression of t f on its one period lagged value will yield a consistent estimate of ρ .
Estimation of ρ
31 However, there is a possibility that, even though this specification of the fundamentals t f has a unit root and hence an I (1) variable, it is possible that there exists another linear combination of the money supply and real GDP which is stationary, i.e. that the money supply and real GDP are cointegrated. However, no cointegrating relationship was found between the money supply and real GDP. For more discussion on stationarity and cointegration see Engle and Granger (1987) .
The results from auto-regression of fundamentals are summarized in Table (6) . In summary, the assumption that the crucial model parameter is close to unity has empirical support.
Estimation of θ
The other parameter to be estimated is θ . Although it is less important than ρ in determining whether β is negative or not, it does affect the magnitude of β for a given value of ρ . Also, if ρ is less than unity, the sign of β may depend on the value of θ . For the simulation, θ was assumed to be 0.9 following Stock and Watson's (1993) estimates of interest semi-elasticity of money demand using quarterly data. Equation (7) gives an alternative way of estimating θ , assuming the validity of the exchange rate model. Thus, regressing the current exchange rate ( t s ) on forward rate ( t F ) and the fundamentals ( t f ) will yield an estimate of θ . A second complication in estimating θ concerns endogeneity. The forward rate depends on the spot rate. This is addressed by using the lagged value of forward rate as an instrument in place of current value. However, this IV estimation does not necessarily eliminate endogeneity, as there is the possibility that the error reflects a demand shock, which in turn would influence both the fundamentals and the exchange rate. Moreover, the estimation is based on the assumption that equation (7) The estimation results are presented in Table (7) . Both OLS and IV estimation generate very high estimates of θ , the coefficient on t F which is modestly larger than that assumed in the simulations. Moreover, the consistency of the estimates depends upon strong assumptions. Fortunately, the exact value of θ appears not to be crucial, as the key results appear to hinge primarily upon the value of ρ 33 .
Conclusion and Comments on Market Efficiency
The objective of the paper was to explore the much renowned 'Forward Premium Puzzle' from a new perspective. Starting from the assumption that bounded rationality is the underlying cause of the anomaly, our model specifies recursive least square learning behavior. Under this learning dynamics, agents form their expectations about future values of the exchange rate, which in turn determines exchange rate movements. Data from the model were generated using computer simulations under various plausible sets of parameter values, and these results were found to be strikingly similar to that observed using actual data. In almost all cases the average β coefficient in a regression of the change in the spot rate on a forward premium was found to be less than 1, and in the majority of the cases it was negative. Although the results are based on certain assumptions about the model parameters, estimation results for those parameters support the model assumptions. Combining these results it appears that the learning dynamics presented here provides a very satisfactory explanation for the 'forward premium puzzle'.
Often this forward premium regression is considered to be a test for the efficiency of the foreign exchange market. The negative β is considered to be an indication of systematic errors in expectation and inefficient use of information, and hence a symptom of inefficiency in the market. The model developed here contends that boundedly rational expectations lead to a negative β . This explanation for the paradox contradicts the implication that forward market is inefficient. The 'efficiency market hypothesis' states that a market is efficient if the agents make full use of all available information. This model deviates from rationality in the fact that agents lack complete information about the underlying market parameters. However, they estimate the reduced form parameters over time using a natural econometric procedure, and make
33 Also, the model results seem to be robust for higher values of θ . Preliminary simulations results with 0.98 θ = seem not to alter the model outcomes.
forecasts using their estimated model. The negative β is a reflection of the learning dynamics, and is not intrinsically an indication of inefficiency in the market. Thus, this finding indicates that the forward premium puzzle is an outcome of 'bounded rationality' in agents' behavior, and is not necessarily inconsistent with the spirit of the 'efficiency market hypothesis'.
There are several natural extensions of the model that could be explored. Two Substituting equation (10a) in equation (7) and rearranging, we get 
Hence, from equations (14) and (15) it is evident that the stability condition for the system is 1 θ < and 1 θρ < . Since, by assumption 0 1 θ < < and 1 ρ ≤ , the solutions are stable in this case.
